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7. Formation and evolution of clusters
7.1 Formation of clusters in cosmological models
[R:563, V:III.B.1]
→ Cluster form from perturbations in the density distribution of dark
matter (DM). Hierarchical process.
→ State of the art modeling of cluster formation: cosmological N-body
simulations =⇒ (angle-averaged) density distribution of cluster dark
matter:
ρDM ∝ r
−p(r + rs)
p−q (7.2)
weakly dependent on cluster mass.
2 L.M. Astrofisica e Cosmologia - Bologna
→ p = 1, q = 3 =⇒ Navarro Frenk & White (NFW) profile:
ρDM (r) =
M∆
4πf(C∆)
1
r(r + rs)2
, (7.3)
where rs is the scale radius, and the distribution is truncated at the
virial radius r∆. The average dark-matter density within r∆ equals
∆ times the critical density of the Universe ρcrit; C∆ ≡ r∆/rs is the
concentration parameter,
f(C∆) = ln(1 + C∆)−
C∆
1 + C∆
, (7.4)
and M∆ is the total dark-matter mass (verify). (DM dominates
=⇒M∆ also considered ∼ total cluster mass)
→ By definition of the virial radius,
3M∆
4πr3∆
= ∆ρcrit, (7.5)
where ρcrit(z) = 3H(z)
2/(8πG) is the critical density of the Universe
and H(z) is the Hubble parameter at redshift z. Usually ∆ = 200 or
∆ = 500 =⇒ total mass of cluster usually indicated as M200 or M500.
→ DM profile estimated from observations is consistent with NFW if
the central regions are excluded. In the central regions: baryons are
important.
→ Cluster mass function: number of clusters with mass in the range M
to M + dM at redshift z: n(M,z)dM . Used to constrain cosmological
models.
7.2 X-ray scaling relations of clusters
[R:544]
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→ Expected relations for a virialized cluster formed through pure
gravitational collapse =⇒ no characteristic scales (gravity +
bremsstrahlung+scale-free power spectrum) =⇒ self similarity
→ Cluster mass M = 4πr3ρcrit∆/3, where ρcrit(z) = 3H(z)
2/8πG.
Fz = H(z)
2/H20 =⇒ M ∝ r
3Fz or r ∝ M
1/3F
−1/3
z . For a SIS
M ∝ σ2r ∝ Tr =⇒
mass (M − T relation)
M ∝ T 3/2F−1/2z (7.6)
bolometric X-ray luminosity (LX − T relation)
LX ∝ V ρ
2
gasT
1/2 ∝M2r−3T 1/2 ∝ T 2F 1/2z ∝M
4/3F 7/6z , (7.7)
entropy (K − T relation)
K ∝ Tρ−2/3 ∝ TF−2/3z (7.8)
Y parameter (Y − T relation)
Y ∝MgasT ∝MT ∝ T
5/2F−1/2z (7.9)
(Y parameter defined in the context of Sunyaev-Zeldovich effect)
→ At z = 0 H(z = 0) = H0 =⇒ Fz = 1.
→ Observed M − T relation (at z = 0): M ∝ T∼1.5 =⇒ consistent with
self-similar (M ∝ T 3/2 ).
→ Observed LX − T relation (at z = 0): LX ∝ T
∼3 (even steeper at
lower T ) =⇒ steeper than self-similar (LX ∝ T
2).
→ Observed K − T relation (at z = 0): K ∝ T∼0.6 =⇒ shallower than
self-similar (K ∝ T ).
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→ Observed Y − T relation (at z = 0): Y ∝ T∼3 =⇒ steeper than
self-similar (Y ∝ T 5/2).
→ Interpretation of the observed scaling relations: entropy floor. There
is no low entropy gas expected in lower mass systems.
→ Possible explanations: (non-gravitational) pre-heating, AGN feedback,
SN feedback (open question).
→ Evolution of scaling relations with redshift can be used to test
cosmological models (dependence on z through Fz)
7.3 Dynamics and evolution of the ICM
[R:563, V:III.B.1]
7.3.1 Cooling
[S:5.3.1, R:545, V:IV.B.2]
→ Radiative cooling: energy loss
by emission of radiation (bremsstrahlung + line emission important
at lower T )
→ Cooling rate ǫ ∝ neniΛ(T )
→ Λ(T ) cooling function. It depends on metallicity. Λ(T ) ∝ T 1/2 at
T > 3× 107 K.
→ Energy equation in the presence of cooling
p
γ − 1
[
∂
∂t
+ v · ∇
]
ln(pρ−γ) = −neniΛ(T ). (7.10)
where ne and ni are the electron and ion number densities, ρ = µmpn,
n = ne + ni and γ = CP/CV = 5/3 is the ratio of specific heats.
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→ Cooling time tcool = |E/E˙| = |T/T˙ |, where E = (3/2)kBT is the
internal energy. Isobaric cooling time, assuming p = const and v = 0
(derive):
tcool(p = const) =
γ
γ − 1
nkBT
neniΛ(T )
=
5
2
nkBT
neniΛ(T )
(7.11)
Isochoric cooling time, assuming ρ = const and v = 0 (derive):
tcool(ρ = const) =
1
γ − 1
nkBT
neniΛ(T )
=
3
2
nkBT
neniΛ(T )
(7.12)
→ For T >∼ 3× 10
7 K:
tcool ≃ 100
( ne
10−3 cm−3
)−1 ( T
108K
)1/2
Gyr (7.13)
=⇒ cooling unimportant in the outskirts of clusters. But important
in the central regions (higher density)!
7.3.2 Cool core clusters and the cooling flow problem
[S:5.7.1, R:545, V:IV.B.2, V:IV.B.4, McNN:2]
→ Central tcool < age ∼ tH =⇒ ’cool-core’ cluster; Central tcool > age
∼ tH =⇒ ’non-cool-core’ cluster.
→ Cooling radius rcool such that tcool < age if r < rcool.
→ Cool-core clusters: bright X-ray emission from cool, dense gas in the
central regions; central spike in X-ray SB =⇒ central gas density
peak.
→ If cooling is not balanced by heating, gas energy radiated away in
tcool <∼ 10
9 yr.
→ gas radiates =⇒ lower entropy K ∝ Tn
−2/3
e , (lower T and higher
ne) =⇒ flows inward. At given T , tcool ∝ n
−1
e T
1/2 =⇒ cooling
catastrophe.
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→ Hydrodynamic equations in the presence of cooling
∂ρ
∂t
+∇ · (ρv) = 0, (mass) (7.14)
∂v
∂t
+ v · ∇v=−
∇p
ρ
−∇Φ, (momentum)(7.15)
p
γ − 1
[
∂
∂t
+ v · ∇
]
ln(pρ−γ) =−neniΛ(T ), (energy) (7.16)
→ Cooling time longer than free-fall time =⇒ cooling gas is nearly
hydrostatic =⇒ steady-state.
→ Hydrodynamic equations for a steady-state spherical cooling flow:
1
r2
d
dr
(r2ρv) = 0, (7.17)
v
dv
dr
=−
1
ρ
dp
dr
−
dΦ
dr
, (7.18)
pv
γ − 1
d
dr
[
ln(pρ−γ)
]
=−neniΛ(T ). (7.19)
,
→ The equations above can be rearranged as
M˙ ≡ 4πr2ρv = const, (7.20)
v
dv
dr
=−
1
ρ
dp
dr
−
dΦ
dr
, (7.21)
M˙
1
4πr2
d
dr
[
v2
2
+
5kBT
2µmp
+Φ
]
=neniΛ(T ). (7.22)
→ For subsonic v2 ≪ c2 ∼ kT/µmp, nearly isobaric flow (i.e., neglectic
gravitational energy: flow driven by pressure,not by gravity) the
energy equation reduces to
M˙
5kBdT
2µmp
= 4πneniΛ(T )r
2dr. (7.23)
or
dLX(T ) ≃
5
2
kBdT
µmp
M˙, (7.24)
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the luminosity emitted by gas cooling from T to T − dT . (dLX(T ) ≡
4πr2neniΛ(T )dr)
→ Total X-ray luminosity expected from the cooling region r < rcool:
LX ≃
5
2
kBT
µmp
M˙ ≃ 1.3× 1044
kBT
5 keV
M˙
100M⊙/yr
erg/s, (7.25)
where T is the temperature of the gas at rcool.
→ This classical cooling flow model fails in many respects: it predicts
strong central peak in X-ray emission, distributed star formation in
the cooling region, accumulated cooling material, plus intense emission
lines at E < 1keV in the X-ray spectra. NOT CONSISTENT WITH
OBSERVATIONS!
→ In fact gas in the centre of clusters neither cools nor flows inward at a
significant rate! Heating mechanisms required!
→ Different heating mechanisms have been considered: thermal
conduction, heating by dynamical friction of galaxies, heating by AGN
feedback.
→ AGN radio feedback is the most promising mechanism: central radio
source =⇒ radio jets =⇒ radio lobes =⇒ cavities in the ICM
=⇒ heating of the ICM (see McNamara & Nulsen 2007).
